In this paper, for an odd prime p, new quaternary sequences of even period 2p with ideal autocorrelation property are constructed using the binary Legendre sequences of period p. For the new quaternary sequences, two properties which are considered as the major characteristics of pseudo-random sequences are derived. Firstly, the autocorrelation distribution of the proposed quaternary sequences is derived and it is shown that the autocorrelation values of the proposed quaternary sequences are optimal. For both p ≡ 1 mod 4 and p ≡ 3 mod 4, we can construct optimal quaternary sequences while only for p ≡ 3 mod 4, the binary Legendre sequences can satisfy ideal autocorrelation property. Secondly, the linear complexity of the proposed quaternary sequences is also derived by counting non-zero coefficients of the discrete Fourier transform over the finite field F q which is the splitting field of x 2p − 1. It is shown that the linear complexity of the quaternary sequences is larger than or equal to p or (3p + 1)/2 for p ≡ 1 mod 4 or p ≡ 3 mod 4, respectively.
Introduction
In many applications of wireless communication systems such as code division multiple access (CDMA) communication systems, pseudo-random sequences with good autocorrelation property are used to extract desired user information from the received signals. Therefore, the sequences should have low out-of-phase autocorrelation values to reduce interference and noise. If the out-of-phase autocorrelation value of a sequence is always equal to zero, then the sequence is said to have the perfect autocorrelation property. However, it is conjectured and supported by extensive simulation that there is no binary or quaternary sequence with perfect autocorrelation except for a few cases of the sequences with short period [1] .
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There have been numerous researches on binary sequences with good autocorrelation property, which include m-sequences [2] , GMW sequences [3] , and sequences from the images of polynomials [4] , and so on. The quaternary sequences with good autocorrelation property have been also researched in [1] , [5] - [9] . Sidel'nikov introduced qary sequences with good autocorrelation property, which include the quaternary sequences as a special case [5] , [6] . Schotten's complementary-based sequences [1] , [7] , [8] have good autocorrelation for odd period. Luke, Schotten, and Hadinejad-Mahram constructed quaternary sequences with good autocorrelation [1] for even period. For period N ≡ 2 mod 4, quaternary sequences with the maximum magnitude of out-of-phase autocorrelation 2 [1] can be constructed by modifying Lee's perfect sequences [10] or by periodic multiplication method.
After some constructions are presented in [11] , [12] , and [20] , many new quaternary sequences were found by using the inverse Gray mapping and interleaving. Tang and Ding generalized the construction in [11] and some new balanced quaternary sequences with optimal autocorrelation were found [21] . Later, Zeng et al. [25] further generalized the construction in [21] . Chung et al. proposed construction methods for quaternary sequences with three valued autocorrelation from the binary sequences with the three valued autocorrelation [24] . Yang and Ke showed that a similar approach can be applied to the binary generalized cyclotomy sequences [23] , even though the constructed quaternary sequences of period pq have the maximum non-trivial autocorrelation of p − q + 3 or max{q − p − 1, √ 5}. In addition, the inverse Gray mapping construction also provided a new family of quaternary sequences with good cross-correlation property [22] . The quaternary sequences constructed using the inverse Gray mapping are compared according to their period and maximum autocorrelation values as in Table 1 .
In this paper, the results on the quaternary sequence construction from Legendre sequences [12] are extended. For an odd prime p, new quaternary sequences of even period 2p with ideal autocorrelation are constructed using the Legendre sequences of period p. The distribution of autocorrelation values of the proposed quaternary sequences is also derived.
In cryptographic applications, the linear complexity of a sequence is considered as the most important property because it is closely related to the amount of the previous outputs in order to predict the next symbol. It is worth to know Copyright c 2013 The Institute of Electronics, Information and Communication Engineers Table 1 Comparison of quaternary sequences constructed using the inverse Gray mapping.
Sequences
Period
the linear complexity of the new sequences. Considering the property of the inverse Gray mapping, it is expected that the known results and approaches [17] - [19] on the linear complexity of Legendre sequences may be useful. Firstly, Ding, Helleseth, and Shan determined the linear complexity of the binary Legendre sequences [17] . Later, Kim and Song presented a trace representation of the Legendre sequences [18] . Most recently in 2006, Aly and Winterhof determined the k-error linear complexity of the Legendre and Sidel'nikov sequences for some cases [19] .
In this paper, we derive the linear complexity of the new quaternary sequences over the finite field F p where p ≥ 5. From the analysis, it is shown that the linear complexity of the quaternary sequences from the binary Legendre sequences is larger than or equal to p or (3p + 1)/2 for p ≡ 1 mod 4 or p ≡ 3 mod 4, respectively. That is, the linear complexity is greater than or equal to the half of the period 2p. This means that with the Belerkamp-Massey algorithm, the whole sequence samples are required to figure out the next symbol of the quaternary sequences. This paper is organized as follows; Sect. 2 presents some definitions and notations for the understanding of the following sections. In Sect. 3, we define new quaternary sequences and prove the autocorrelation properties of the proposed sequences. Then, the linear complexity of the proposed sequence is derived in Sect. 4. Finally Sect. 5 concludes this paper.
Preliminaries
Let g(t) be a q-ary sequence of period N. Then a sequence g(t) of period N is said to be balanced if the difference among numbers of occurrences of each element in a period is less than or equal to one.
The autocorrelation function of g(t) is defined as
where 0 ≤ τ < N and ω q is the complex primitive qth root of unity, e.g., ω 4 = √ −1. In many applications of the wireless communication systems, it is known that it is desirable for the spreading sequences to have the following properties:
• The maximum magnitude of sidelobes of their autocorrelation functions should be as low as possible; • For the given maximum sidelobe, the number of occurrences of the maximum sidelobes is minimized.
These properties of the sequences guarantee the minimum bit error rate of CDMA systems and the minimum false alarm rate in the application of synchronization for the wireless communication systems. The sequences satisfied with the above two properties are said to have the ideal autocorrelation property. It is well known that the binary sequence of period N ≡ 3 mod 4 with ideal autocorrelation property has the distribution of autocorrelation values as
Recently, Jang, Kim, Kim, and No proposed the ideal autocorrelation property of the quaternary sequences of even period with balance property as in the following theorem.
Theorem 1 (Jang, Kim, Kim and No [11] ): For an even integer N, let g(t) be a quaternary sequence with period N and W g be the weight sum of quaternary sequence g(t) defined by
Then the autocorrelation distribution of g(t) of period N with ideal autocorrelation and balance property is given as
Let φ[a, b] be the inverse Gray mapping defined by
Let a(t) and b(t) be binary sequences of period N. Then a quaternary sequence g(t) = φ[a(t), b(t)] can be also expressed as [9] ω g(t)
Krone and Sarwate derived the relation between the autocorrelation functions of the binary sequences and the corresponding quaternary sequences in (4) as follows.
Theorem 2 (Krone and Sarwate [9] ): Let a(t), b(t), c(t), and d(t) be binary sequences of the same period. Let g(t) and h(t) be quaternary sequences defined by g(t) = φ[a(t), b(t)] and h(t) = φ[c(t), d(t)], respectively. Then the crosscorrelation function R gh (τ) between g(t) and h(t) is given as
For an odd prime p, let b 0 (t) be the binary sequence defined by
where QR and QNR are the sets of quadratic residues and quadratic non-residues in the set of integers modulo p, Z p , respectively. And let b 1 (t) be the binary sequence of period p defined by
which corresponds to a Legendre sequence. It is easy to check that b k (t) takes the symbol k one more times than the other symbol 1 − k, k = 0, 1, which corresponds to the balance property.
The following two definitions of the indicator function and the quadratic character are useful for expression the sequences in (5) and (6).
Definition 3:
The indicator function is defined as
Definition 4:
The quadratic character of Z p is defined as
Then two binary sequences b 0 (t) and b 1 (t) in (5) and (6) can be represented by using the indicator function I(x) and the quadratic character η(t) of Z p as
Although the autocorrelation property of Legendre sequences was already studied [6] , here we will restate it in detail for the subsequent proof of the correlation properties of the proposed quaternary sequences. Using the indicator function and the quadratic character, we can express correlation functions of two binary sequences b 0 (t) and b 1 (t) as in the following lemma.
Lemma 5:
For an odd prime p, let b 0 (t) and b 1 (t) be binary sequences defined in (5) and (6) For an odd prime p such that p ≡ 1 mod 4, we have
For an odd prime p such that p ≡ 3 mod 4, we have
Proof : Since the autocorrelation of Legendre sequences is well known, what we have to derive is the crosscorrelation function R b 0 b 1 (τ) between two sequences, b 0 (t) and b 1 (t).
From (7), b 0 (t) and b 1 (t) can be rewritten as
And R b 0 b 1 (τ) is calculated as
In the similar way, R b 1 b 0 (τ) can be derived as
Let N QR (τ) and N QNR (τ) be the cardinality of the sets
respectively. Then the last summation in the above R b 1 b 0 (τ) can be rewritten as
Using the cyclotomic numbers of order 2 [14] , it is easy to see that
Since −1 is a quadratic residue of p, when p ≡ 1 mod 4 and a quadratic non-residue of p, when p ≡ 3 mod 4, we have the followings. For an odd prime p such that p ≡ 1 mod 4, we have
and for an odd prime p such that p ≡ 3 mod 4, we have
New Quaternary Sequences From Legendre Sequences
Applying the inverse Gray mapping to two binary sequences in (5) and (6), we propose two construction methods of new quaternary sequences with ideal autocorrelation property.
For an odd prime p such that p ≡ 1 mod 4, let b 0 (t) and b 1 (t) be binary sequences of period p defined in (5) and (6), respectively. Then b 0 (t) has one more zero than one and b 1 (t) has one more one than zero in a period. Let s 0 (t) and s 1 (t) be two binary sequences of period 2p defined by
where ⊕ denotes modulo 2 addition. Then we have the following lemma.
Lemma 6:
For an odd prime p such that p ≡ 1 mod 4, let s 0 (t) and s 1 (t) be binary sequences of period 2p defined in (10) and (11) . Then the autocorrelation functions R s 0 (τ) and R s 1 (τ) of s 0 (t) and s 1 (t) are calculated as
for even τ 0 mod 2p 2, for odd τ p mod 2p.
And their cross-correlation functions R s 0 s 1 (τ) and R s 1 s 0 (τ) are also computed as
Proof : From the definition of s 0 (t) and s 1 (t), we have
From Lemma 5, we have
for even τ 0 mod 2p 2, for odd τ p mod 2p
Applying the inverse Gray mapping to two binary sequences s 0 (t), s 1 (t) in (10) and (11), new quaternary sequences with ideal autocorrelation property can be constructed as in the following theorem.
Theorem 7:
For an odd prime p such that p ≡ 1 mod 4, let s 0 (t) and s 1 (t) be two binary sequences defined in (10) and (11) . Let q 1 (t) be the quaternary sequence of period 2p defined by
Then the autocorrelation function of q 1 (t) is given as
Proof : From Theorem 2, it is clear that R q 1 (τ) can be rewritten as
From Lemma 6, R q 1 (τ) can be calculated as
For an odd prime p such that p ≡ 3 mod 4, let b 0 (t) and b 1 (t) be two binary sequences of period p in (5) and (6), respectively. And let s 2 (t) and s 3 (t) be two binary sequences of period 2p defined by
Then we have the following lemma.
Lemma 8:
For an odd prime p such that p ≡ 3 mod 4, let s 2 (t) and s 3 (t) be binary sequences of period 2p defined in (13) and (14) . Then the autocorrelation functions R s 2 (τ) and R s 3 (τ) of s 2 (t) and s 3 (t) are calculated as
And the cross-correlation functions R s 2 s 3 (τ) and R s 3 s 2 (τ) are also calculated as
The proof of the above lemma is similar to that of Lemma 6 and thus we omit the proof of the above lemma. Applying the inverse Gray mapping to two binary sequences in (13) and (14), a new quaternary sequence can be constructed as in the following theorem.
Theorem 9:
For an odd prime p such that p ≡ 3 mod 4, let s 2 (t) and s 3 (t) be binary sequences defined in (13) and (14) . Let q 2 (t) be the quaternary sequence of period 2p defined by
Then the autocorrelation function of q 2 (t) is computed as
Proof : From Theorem 2, it is clear that R q 2 (τ) can be rewritten as
From Lemma 8, R q 2 (τ) can be calculated as
Using the definitions of s 0 (t), s 1 (t), s 2 (t), and s 3 (t) in (10), (11), (13) , and (14), it is not difficult to derive the balance property of two proposed quaternary sequences q 1 (t) and q 2 (t) as in the following theorem.
Theorem 10: Let q 1 (t) and q 2 (t) be two quaternary sequences defined in Theorems 7 and 9. Then q 1 (t) and q 2 (t) have the balanced property, i.e., for p ≡ 1 mod 4, we have Two examples of new quaternary sequences q 1 (t) and q 2 (t) are given in the following example. Similarly, for p = 19, two binary sequences b 0 (t), b 1 (t) are given as
Then s 2 (t) and s 3 (t) can be obtained as
Finally, we have the quaternary sequence q 2 (t) given as
Note that the number of occurrences of each symbol of q 2 (t) in a period is counted as
0, 10 times 1, 10 times 2, 9 times 3, 9 times and its autocorrelation distribution is computed as
38, once for τ ≡ 0 mod 38 −2, 18 times for even τ 0 mod 38 0, 19 times for odd τ.
Linear Complexity of New Quaternary Sequences From Legendre Sequences
From Blahut's theorem [15] , it is known that the linear complexity of a periodic sequence can be determined by counting the number of nonzero coefficients of its discrete Fourier transform. Firstly, it seems to be natural to consider the linear complexity of a quaternary sequence over a ring Z 4 . However, the discrete Fourier transform which is one of the main tools for the linear complexity of a sequence is defined over a field, not a ring [16] . Therefore, we need to find a proper finite field which is closely related to the quaternary sequence in Theorems 7 and 9.
In addition, since the linear complexity of a sequence is related to not only the generation of a sequence (by a legitimate user), but also the reconstruction of a sequence (by a malicious attacker), it is better to check whether there is a possible way to reconstruct the sequence or not for its security. In this respect, we will consider the linear complexity over F q , where q ≥ 5 is a prime number and not equal to p and F q m is the splitting field of x 2p − 1 for some integer m. Let α be a primitive 2p-th root of unity in a finite field F q m that is the splitting field of x 2p − 1. The quaternary sequence q 1 (t) constructed in the previous section can be represented in terms of its component sequences as q 1 (t) = φ s 0 (t), s 1 (t) = 3s 0 (t) + s 1 (t) − 2s 0 (t)s 1 (t) (16) using arithmetics in F q . Note that this representation holds only for q ≥ 5. The discrete Fourier coefficient is defined as
for 0 ≤ i < 2p. From the definition of the element α, we have α p = −1 because the order of α is 2p. And we have
If we count the number L 0 of indices i's satisfying A i = 0, the linear complexity of q(t) becomes N − (L 0 − 1).
Derivation of the Discrete Fourier Coefficients for p ≡ 1 mod 4
From (8) and (9), we can represent intermediate sequences s 0 (t) and s 1 (t) in signal domain as
Therefore, we have the intermediate sequence representations as
where
Then, we can derive the discrete Fourier coefficients of the quaternary sequence q 1 (t) as in the following theorem.
Theorem 12:
For p ≡ 1 mod 4, the discrete Fourier coefficients of the quaternary sequence q 1 (t) defined in (12) are expressed as
Proof : Using (17) and (18), the discrete Fourier transform can be calculated as
Now, let us calculate the last three summations in (19) . The first sum in (19) can be rewritten as
The second sum in (19) can be rewritten as
Finally, using (17) and (18), the last sum in (19) can be rewritten as
Thus, we have
Derivation of the Discrete Fourier Coefficients for p ≡ 3 mod 4
Now, for p ≡ 3 mod 4, we will consider the linear complexity of the quaternary sequence given in Theorem 9. Firstly, we have the intermediate sequence representation as
Then, the discrete Fourier transform of q 2 (t) is given as follows.
Theorem 13: For p ≡ 3 mod 4, the discrete Fourier coefficients of the quaternary sequence q 1 (t) defined in (12) are given as
Proof : Using (20) and (21), the discrete Fourier transform can be similarly calculated as
Not, let us calculate the last three summations in (19) . The first sum in (19) can be rewritten as
Finally, using (20) and (21), the last sum in (19) can be rewritten as
Linear Complexity over the Splitting Field
In this subsection, we will derive the linear complexity of quaternary sequences over the splitting field F q m . Firstly, let us consider the case of odd i. From Theorem 12, the number of odd i's satisfying A −i = 0 for p ≡ 1 mod 4 can be counted by finding i such as
namely, α i = 2. Since the order of α is 2p and gcd(i, 2p) = 1 for α i = 2, the order of the element 2 is also 2p. This means that 2 2p ≡ 1 mod q or equivalently, q | (2 p + 1). Similarly, from Theorem 13, the number of odd i's satisfying A −i = 0 for p ≡ 3 mod 4 can be counted by finding i such as
which means that α i = 0, a contradiction since α has nonzero order.
From (23) and (24), we have (25) or if p ≡ 3 mod 4,
Note that in (25) and (26) 
The last congruence holds because α ip = 1 for even i.
Therefore, from (27) and (28), we have
for p ≡ 1 mod 4 and
for p ≡ 3 mod 4 where S (α i ) = t∈QR\{0} α it . Thus, the number of even i's satisfying A −i = 0 can be counted by evaluating the sum S (α i ) for even i, 0 ≤ i < 2p. For this purpose, we need the following lemma.
Lemma 15:
We have the following basic facts:
The values of S (α i ) can be evaluated according to two cases, q ∈ QR or q ∈ QNR. 
, where t Q ∈ QR and t N ∈ QNR. Therefore, the number of even i's is p − 1, when S (α t Q ) = (q − 1)/2. Similarly, for even i 0 and p ≡ 3 mod 4, from (30),
Thus, the number of even i's is (p − 1)/2, when S (α t Q ) = q − 1 or S (α t N ) = 0. We can summarize these results as in the following theorem.
Theorem 17: For p ≡ 1 mod 4, the linear complexity over F q of the quaternary sequence q 1 (t) defined in (12) is given as if S (α t Q ) = S (α t N ) = (q − 1)/2, where t Q ∈ QR and t N ∈ QNR,
and q|(2 p + 1)
p, otherwise and otherwise
, and q|(2 p + 1)
Similarly, the linear complexity of the quaternary sequence q 2 (t) is given as in the following theorem.
Theorem 18: For p ≡ 3 mod 4, the linear complexity over F q of the quaternary sequence q 2 (t) defined in (15) is given as
where t Q ∈ QR and t N ∈ QNR.
Linear Complexity over the Splitting Field F q
In this subsection, let us consider the case of m = 1 as a special case of the previous results. Then, we have a prime q = 2p+1 for a prime p and α is in F q . In this case, the prime p is called as a Sophie Germain prime whose elements can be listed as {5, Corollary 20: For p ≡ 1 mod 4 and q = 2p + 1, the linear complexity over F q of the quaternary sequence q 1 (t) defined in (12) is given as
2p − 1, otherwise.
Examples
In this subsection, we present some examples to clearly demonstrate the results of this paper.
Example 21:
Let p = 5 ≡ 1 mod 4. We have a quaternary sequence q 2 (t) with period 10 from the Legendre sequence with period 5. Suppose that a splitting field of x 10 − 1 is chosen as F 11 , where q = 11 and m = 1. It is obvious that S (α t Q ) is always in F 11 . Let α = 2 be a primitive element of the finite field F 11 and a primitive 2p-th root of unity, at the same time. The set of quadratic residues QR of F 5 can be obtained as {0, 1, 4}. Then for even i ∈ QR, we have S (α t Q ) = α 4 + α 6 = 3 ∈ F 11 . Therefore, we have S (α t N ) = 7. From Corollary 20, the linear complexity of the quaternary sequence is given as 9.
Example 22: Let p = 11 ≡ 3 mod 4. Then, we have a quaternary sequence q 2 (t) with period 22 from the Legendre sequence with period 11. Suppose that a splitting field of x 22 − 1 is chosen as F 5 5 , where q = 5 and m = 5. Let β be a primitive element of F 5 5 . Then a primitive 2p-th root of unity can be found as α = β 142 whose order is 22. The set of quadratic residues QR of F 11 can be obtained as {0, 1, 3, 4, 5, 9}. Then for even i ∈ QR, we have S (α t Q ) = α 568 +α 1704 +α 1988 +α 2272 +α 2840 = 2 ∈ F 5 . Therefore, we have S (α t N ) = 2 from (28). From Theorem 18, the linear complexity of the quaternary sequence is given as 22.
Example 23:
Let p = 19 ≡ 3 mod 4. Then, we can obtain a quaternary sequence q 2 (t) with period 38 from the Legendre sequence with period 19. Suppose that a splitting field of x 38 − 1 is chosen as F 7 3 , where q = 7 and m = 3. Let β be a primitive element of the finite field F 7 3 . Then a primitive 2p-th root of unity is found as α = β 9 whose order is 38. The set of quadratic residues QR of F 19 7 . Therefore, we have S (α t N ) = 1. From Theorem 18, the linear complexity of the quaternary sequence is given as 38, which is the same as its period. This means that there is no shorter way to represent the quaternary sequence of period 38 rather than using itself over the finite field F 7 3 .
Example 24: Let p = 31 ≡ 3 mod 4. Then, we can obtain a quaternary sequence q 2 (t) with period 62 from the Legendre sequence with period 31. Suppose that a splitting field of x 62 − 1 is chosen as F 5 3 , where q = 5 and m = 3. Let β be a primitive element of the finite field F 5 3 . Then a primitive 2p-th root of unity is found as α = β 2 whose order is 62. 5 . Therefore, we have S (α t N ) = 2. From Theorem 18, the linear complexity of the quaternary sequence is given as 62, which is the same as its period. This means that there is no shorter way to represent the quaternary sequence of period 62 rather than using itself over the finite field F 5 3 .
As in these examples, the linear complexities of the quaternary sequences defined in Sect. 3 are 2p − 1 or 2p, which are almost the same as their period 2p in the most cases. Only when the sum S (α i ) can meet a specific value for a given finite field, the linear complexity can be half of the period of the sequences.
Conclusion
In this paper, we construct new quaternary sequences of even period 2p using the binary Legendre sequences of period p of an odd prime. For the new sequences, we derive the autocorrelation distribution, where the autocorrelation is optimal not only for p ≡ 3 mod 4, but also for p ≡ 1 mod 4. Considering the fact that the autocorrelation values of the binary Legendre sequences are optimal only when p ≡ 3 mod 4, the proposed sequences are an interesting result.
And we also derive the linear complexity of the proposed sequences by counting non-zero coefficients of the discrete Fourier transform over the finite field F q , which is the splitting field of x 2p − 1. Here, if we carefully choose the related parameters such as p, q, and m, we can obtain the sequence with the largest linear complexity.
